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Abstract 

Let G be a Lie group, Q its Lie algebra, T*G its cotangent bundle and V := t*Q the 
Lie algebra of T*G. We investigate the group of automorphisms of V. More precisely, we 
fully characterize the space of all derivations of V. 

As a byproduct, we also characterize some spaces of operators on G amongst which the 
space J of bi-invariant tensors on G and prove that if G has a bi-invariant Riemannian or 
pseudo-Riemannian metric, then J is isomorphic to the space of equivariant linear maps 
G* —> Q, as well as that of bi-invariant bilinear forms on G. 

1 Introduction 

Let G be a Lie group whose Lie algebra Q := T e G is identified with its tangent space 
T t G at the unit e. As a Lie group, the cotangent bundle T*G of G, is seen throughout 
this work as the semi-direct product G x Q* of G and the Abelian Lie group Q*, where 
G acts on the dual space Q* of Q via the coadjoint action. Here, using the trivialization 
by left translations, the manifold underlying T*G has been identified with the trivial 
bundle G x Q* . The Lie algebra Lie(T*G) = Q x Q* of T*G will be denoted by t*Q or 
simply by T>. 

It is our aim in this work to fully study the connected component of the unit of the 
group of automorphisms of the Lie algebra T> := t*Q. Such a connected component being 
spanned by exponentials of derivations of T>, we will work with those derivations and 
the first cohomology space H 1 ^!),!)), where V is seen as the P-module for the adjoint 
representation. 

Our motivation for this work comes from several interesting algebraic and geometric 
problems. 
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The cotangent bundle T*G of a Lie group G can exhibit very interesting and rich 
algebraic and geometric structures [T7], [H], [UJ, [TU], [S], [3], etc. Such structures can 
be better understood when one can compare, deform or classify them. This very often 
involves the invertible homomorphisms (automorphisms) of T*G, if in particular, such 
structures are invariant under left or right multiplications by the elements of T*G. The 
derivative at the unit, of automorphisms of the Lie group T*G, are automorphisms of 
the Lie algebra T>. Conversely, if G is connected and simply connected, then so is T*G 
and every automorphism of the Lie algebra T> integrates to an automorphism of the 
Lie group T*G. A problem involving invariant structures on a Lie group also usually 
transfers to one on its Lie algebra, with the Lie algebra automorphisms used as a means 
to compare or classify the corresponding induced structures. 

In the purely algebraic point of view, finding and understanding the derivations of a 
given Lie algebra, is in itself an interesting problem [13], [TJ], [DJ> P2] , [20], 0, etc. 

On the other hand, as a Lie group, the cotangent bundle T*G is a common Drinfel'd 
double Lie group for all exact Poisson-Lie structures given by solutions of the Classical 
Yang-Baxter Equation in G. See e.g. |6j. Double Lie algebras (resp. groups) encode in- 
formation on integrable Hamiltonian systems and Lax pairs ([2], [I], [ID] . [TP]). Poisson 
homogeneous spaces of Poisson-Lie groups and the symplectic foliation of the corre- 
sponding Poisson structures ([ID]. [5], [IB]), etc. To that extend, the complete descrip- 
tion of the group of automorphisms of the double Lie algebra of a Poisson-Lie structure 
would be a big contribution towards solving very interesting and hard problems. 

See Section [5] for wider discussions. 

Interestingly, the space of derivations of T> encompasses interesting spaces of oper- 
ators on Q, amongst which the derivations of Q, the second space of the invariant de 
Rham cohomology Hf nv (G, M) of G, bi-invariant endomorphisms, in particular operators 
giving rise to complex group structure in G, when they exist, ... 

Throughout this work, der(Q) will stand for the Lie algebra of derivations of Q, while 
J will denote that of linear maps j : Q — > Q satisfying j([x,y}) = \j(x),y], Vx, y G Q. 
We mainly work on the field K (or C in parts of Sections 14. II and 14.21 .) However, most 
of the results within this paper are valid for any field of characteristic zero. 

We summarize some of our main results as follows. 

Theorem A. Let G be a Lie group, Q its Lie algebra, T*G its cotangent bundle and 
T> := Q ix Q* = Lie(T*G). A derivation ofT>, has the form 

<f>(x, f) = (a(x) + ij>(f), P(x) + fo(a+ j)) , V(x, /) G V, 

where a : Q —>■ Q is a derivation of the Lie algebra Q, the linear map j : Q —>■ Q is in J , 
i.e. satisfies j([x,y]) = \j(x),y], Wx,y G Q , (3 : Q — > Q* is a 1-cocycle of Q with values 
in Q* for the coadjoint action of Q on Q* and ip : Q* — >• Q is a linear map satisfying the 
following conditions: 

ip o ad* x = ad x oip, V x G Q, and ad*^,^g = ad*p, g \f, V /, g G G* ■ 

In particular, if G has a bi-invariant Riemannian or pseudo-Riemannian metric, say [/,, 
then every derivation <fi of T> can be expressed in terms of elements of der(Q) and J 
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alone, as follows, 

<j>{x, /) = (a(x) + j o 9-\f), 9 o a\x) + / o (/ + a)) , V(x, /) G V, 

where a, a' G der(Q), j,f G J , and 9 : G ^ G* with 9(x)(y) := y), W x,y e Q. 

Theorem B. Let G be a Lie group and Q its Lie algebra. The group Aut(D) of 
automorphisms of the Lie algebra T> of the cotangent bundle T*G of G, is a symmetric 
group. More precisely, its Lie algebra der(T>) decomposes into a direct sum of vector 
spaces 

der{V) := Gi © Q 2 , with Gi] C Gi, [Gi, G2] C G 2 , [G2, G2] C Gi, 
where Gi is the Lie algebra 

Gi '■= {</> : V — >• D, /) = (a(x) , / o (a + j) j , u>ii/i a G der(G) and j G J" j 

and £2 the direct sum (as a vector space) of the space Q of cocycles (3 : G — > G* 
and the space of equivariant maps ip : G* —* G with respect to the coadjoint and the 
adjoint representations, satisfying ad^^g = ad^ g ^f, V/, g G G* ■ Moreover, Q and ^ 
are Abelian subalgebras of der{T>). 

Theorem C. The first cohomology space of the (Chevalley-Eilenberg) coho- 

mology associated with the adjoint action ofD on itself, satisfies H X (T>, T>) = H 1 ^, G) © 
J 1 © H 1 ^, G*) © ^, where H 1 ^, G) and H l {G, G*) are the first cohomology spaces as- 
sociated with the adjoint and coadjoint actions of G, respectively; and J 1 := {j*, j G J} 
(space of transposes of elements of J). 

If G is semi-simple, then $ = {0} and thus = J 1 . If G is a semi-simple 

Lie algebra over C, then J — C p , where p is the number of the simple ideals Si of G such 
that G = Si © . . . © 5 P . Hence, of course, H X (V, V) = C p . In particular, if G is complex 
and simple, then = C. 

IfG is a compact Lie algebra over C, with centre Z(G), we get H X {G -,G) = End(Z(G)), 
J = 0> © End(Z(G)), H\G,G*) = L(Z(G),Z(G)*), # = L(Z(G)*, Z(G)). Hence, we 
get H X {JD, V) = (End(C k )) 4: © C p , where k is the dimension of the center of G , and p is 
the number of the simple components of the derived ideal [G,G] of G- Here, if E,F are 
vector spaces, L(E, F) is the space of linear maps E —+ F. 

The paper is organized as follows. In Section [21 we explain some of the material 
and terminology needed to make the paper more self contained. Sections [3] and H] are 
the actual core of the work where the main calculations and proofs are carried out. In 
Section 0, we discuss some subjects related to this work, as well as some of the possible 
applications. 

2 Preliminaries 

Although not central to the main purpose of the work within this paper, the following 
material might be useful, at least, as regards parts of the terminology used throughout 
this paper. 
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2.1 The cotangent bundle of a Lie group 

Throughout this paper, given a Lie group G, we will always let G \xQ* stand for the Lie 
group consisting of the Cartesian product G x Q* as its underlying manifold, together 
with the group structure obtained by semi-direct product using the coadjoint action of G 
on Q*. Recall that the trivialization by left translations, or simply the left trivialization 
of T*G is given by the following isomorphism ( of vector bundles 

C : fG^Gx Q\ (a, v a ) ^ (a, v a o T e L a ), 

where L a is the left multiplication L a : G — > G, r i— > L a {r) := err by o and T e L a is the 
derivative of L a at the unit e. One then endows T*G with the Lie group structure such 
that C, is an isomorphism of Lie groups. The Lie algebra of T*G is then the semi-direct 
product D := Q x Q* . More precisely, the Lie bracket on T> reads 

[{x,f),(y,g)}:={[x,y},adlg-ad;f), V (|/,j)6D. (1) 

2.2 Bi-invariant metrics on Lie groups 

In this work, we will refer to an object which is invariant under both left and right 
translations in a Lie group G, as a bi-invariant object. We discuss in this section, how 
T*G is naturally endowed with a bi-invariant pseudo-Riemannian metric. 

A bi-invariant (Riemannian or pseudo-Riemannian) metric in a connected Lie group 
G, corresponds to a symmetric bilinear nondegenerate scalar form /x in its Lie algebra Q, 
such that the adjoint representation of Q lies in the Lie algebra 0(Q,fi) of infinitesimal 
isometries of /i, or equivalently 

Kfa y)> z ) + Kvi t x ' z \) = o,y x,y,z eg. (2) 

This means that /j is invariant under the adjoint action of Q. In this case, we will 
simply say that fi is adjoint-invariant. Lie groups with bi-invariant metrics and their 
Lie algebras are called orthogonal or quadratic (see e.g. [18], [E].) Every orthogonal Lie 
group is obtained by the so-called double extension construction introduced by Medina 
and Revoy [TS], [15] . Consider the isomorphism of vector spaces 9 : Q — > Q* defined by 
(9(x),y) := /i(x,y), where (, ) on the left hand side, is the duality pairing (x, f) = f(x), 
between elements x of Q and / of Q* . Then, 9 is an isomorphism of ^-modules in the 
sense that it is equivariant with respect to the adjoint and coadjoint actions of Q on Q 
and Q* respectively; i.e. 

9 o ad x = ad* x o 9, V x E Q. (3) 

We also have 

9~ l oadl = ad x o9~\ Vs <E Q. (4) 

The converse is also true. More precisely, a Lie group (resp. algebra) is orthogonal if 
and only if its adjoint and coadjoint representations are isomorphic. See Theorem 1.4. 

of [H5]. 
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Semisimple Lie groups, with their Killing form, are examples of orthogonal Lie 
groups. Compact Lie groups, or more generally, reductive Lie groups, are orthogonal 
Lie groups. 

The cotangent bundle of any Lie group (with its natural Lie group structure, as 
above) and in general any element of the larger and interesting family of the so-called 
Drinfel'd doubles (see Section [273]) . are orthogonal Lie groups [ID] , as explained below. 

As above, let V := Q K Q* be the Lie algebra of the cotangent bundle T*G of G, seen 
as the semi-direct product of Q by Q* via the coadjoint action of Q on Q* , as in (JTJ). 

Let /io stand for the duality pairing (, ), that is, 

IM>({x,f),(V,gj)=f(v)+9(x), V(^), ( M )GD. (5) 

Then, /i satisfies the property (El) on V and hence gives rise to a bi-invariant (pseudo- 
Riemannian) metric on T*G. 

2.3 Doubles of Poisson-Lie groups and Yang-Baxter Equation 

We explain in this section how cotangent bundles of Lie groups are part of the broader 
family of the so-called double Lie groups of Poisson-Lie groups. 

A Poisson structure on a manifold M is given by a Lie bracket {, } on the space 
C°°(M, K) of smooth real- valued functions on M, such that, for each / G C°°(M, R), the 
linear operator Xf := {/, .} on C°°(M, R), defined by g \— > Xf-g := {/, g}, is a vector 
field on M. The bracket {, } defines a 2-tensor, that is, a bivector field it which, seen as 
a bilinear skew-symmetric 'form' on the space of differential 1-forms on M, is given by 
ir(df,dg) := {/, g}. The Jacobi identity for {, } now reads [7r,7r]s = 0, where [,]$ is the 
so-called Schouten bracket, which is a natural extension to all multi- vector fields, of the 
natural Lie bracket of vector fields. Reciprocally, any bivector field it on M satisfying 
[7r,7r]s = 0, is a Poisson tensor, i.e. defines a Poisson structure on M. See e.g. [IB] . 

Recall that a Poisson-Lie structure on a Lie group G, is given by a Poisson tensor 
7i on G, such that, when the Cartesian product G x G is equipped with the Poisson 
tensor tt x tt, the multiplication m : (er, r) i— ► ar is a Poisson map between the Poisson 
manifolds {G x G,ir x it) and (G,ir). In other words, the derivative m* of m satisfies 
m^iii x ?r) = 7r. If /, g are in £/* and /, g are C°° functions on G with respective derivatives 
/ = /*,e) 5 1 = & t the unit e of G, one defines another element [/, g]* of by setting 
[/)#]* := ({/>#})*,<:• Then [/,#]* does not depend on the choice of / and g as above, 
and (£/*, [, ]*) is a Lie algebra. Now, there is a symmetric role played by the spaces Q 
and C?*, dual to each other. Indeed, as well as acting on Q* via the coadjoint action, Q is 
also acted on by Q* using the coadjoint action of (£?*, [,]*). A lot of the most interesting 
properties and applications of it, are encoded in the new Lie algebra (G@G* , [, where 

[0, /), (y, 9% ■= {[x, y] + ad* f y - ad* g x, ad* x g - ad* y f + [f, g]*), (6) 

for every x, y, G Q, and every f,g G Q*. 

The Lie algebras {Q®Q* , [, ] n ) and (£?*, [, ]*) are respectively called the double and the 
dual Lie algebras of the Poisson-Lie group (G, it). Endowed with the duality pairing de- 
fined in the double Lie algebra of any Poisson-Lie group (G, rr), is an orthogonal Lie 
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algebra, such that Q and Q* are maximal totally isotropic (Lagrangian) subalgebras. The 
collection (Q © Q*, Q, Q*) is then called a Manin triple. More generally, (Qi © Q 2 , Gi, Q2) 
is called a Manin triple and (Qi, Q 2 ) a bi-algebra or a Manin pair, if Q 1 @Q 2 is an orthog- 
onal 2n-dimensional Lie algebra whose underlying adjoint-invariant pseudo-Riemannian 
metric is of index (n, n) and Qi, Q 2 are two Lagrangian complementary subalgebras. See 
[TO] . [16], [6], for wider discussions. 

Let r be an element of the wedge product A 2 Q. Denote by r + (resp. r~) the left 
(resp. right) invariant bivector field on G with value r = r+ (resp. r = r~) at e. If 
7r r := r + — r~ is a Poisson tensor, then it is a Poisson-Lie tensor and r is called a solution 
of the Yang-Baxter Equation. If, in particular, r + is a (left invariant) Poisson tensor on 
G, then r is called a solution of the Classical Yang-Baxter Equation (CYBE) on G (resp. 
Q.) In this latter case, the double Lie algebra (Q © Q*, [,] nr ) is isomorphic to the Lie 
algebra T> of the cotangent bundle T*G of G. See e.g. [8]. We may also consider the 
linear map f : Q* — > Q, where r(f) := r(f, .). The linear map 9 r : (Q © Q* , [,}n r ) — > D, 
9 r (x, f) := (x + f(f), f), is an isomorphism of Lie algebras, between V and the double 
Lie algebra of any Poisson-Lie group structure on G, given by a solution r of the CYBE. 

3 Group of automorphisms of T> := t*Q 
3.1 Derivations of V := t*Q 

Consider a Lie group G of dimension n, with Lie algebra Q. Let us also denote by T> 
the vector space underlying the Lie algebra T> of the cotangent bundle T*G, regarded 
as a D-module under the adjoint action of T>. Consider the following complex with the 
coboundary operator d, where d o d = 0: 

-> V -> Hom(V, V) -> Hom(A 2 V, V) -> ► Hom(A 2n V, V) -> 0. (7) 

We are interested in Hom(T>,T>) := {0 : X> — > "D, linear }. The coboundary <90 of 
G Hom(V,D) is the element of Hom(A 2 V,V) defined by 



for any w := (x, /), t> := (y, (?) G P. An element of Hom(T>, T>) is a 1-cocycle if 90 = 0, 
ie. 



In other words, 1-cocycles are the derivations of the Lie algebra "D. In Section we will 
characterize the first cohomology space iy 1 (D,X>) := ker(9 2 )/Jm(9 1 ) of the associated 
Chevalley-Eilenberg cohomology, where for clarity, we denote by d 1 and d 2 the following 
restrictions d 1 : V -> Hom(V,V) and 9 2 : Hom(V,V) -> Hom(A 2 V,V) of 9. 







(9) 
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Theorem 3.1. Let G be a Lie group, Q its Lie algebra, T*G its cotangent bundle and 
T> := Q k Q* the Lie algebra ofT*G. A 1-cocycle (for the adjoint representation) hence 
a derivation of T> has the following form: 

<j>{x,f) = (a(z)+V(/),/3(x) +£(/)), (10) 

where a : Q — > Q is a derivation of the Lie algebra Q , (3 : Q — ► Q* is a 1-cocycle of Q 
with values in Q* for the coadjoint action of Q on Q* , £ : Q* — > Q* and ip : Q* — > Q are 
linear maps satisfying the following conditions: 

[£,ad* x ] = ad* a{x) , V x G Q, (11) 
ip o ad* x = ad x oip, ViG^, (12) 
ad kf)9 = ad ^{g)fi V/,#g£*. (13) 

The rest of this section is dedicated to the proof of Theorem I3.ll 

Aiming to get a simpler expression for the derivations, let us write in terms of its 

components relative to the decomposition of T> into a direct sum T> = Q © Q* of vector 

spaces as follows: 

tj>(x,f)= (M*) + Mf),Mx) + Mfj), v(z,/)ez>, (14) 

where 0n : Q — > 0i 2 : — > (?*, 2 i : "~ ^ £ an d 22 : {?* — ► Q* are all linear maps. In 
(II4~]) we have made the identifications: x = (x, 0), / = (0, /) so that the element (x, f) 
can also be written x + /. Likewise, we can write 

4>(x) = (0 n (x),0i 2 (x)), Vx G 6?; <f>(f) = (<fa.{f),Mf))> V / ^ G* (15) 

or simply 

0(x) = <j> n (x) + 12 (x); </»(/) = <j> 21 (f) + 22 (/). (16) 

In order to find the ^-'s and hence all the derivations of T>, we are now going to use 
the cocycle condition @. 
For x, y G Q C T> we have: 

<p([x,y]) = <t>n{[x,y}) + <f>i 2 {[x,y}) (17) 

and 

[(j)(x),y] + [x,(j)(y)} = [(j) U (x) + (j) 1 2(x),y] + [x,(j) U (y) + (j)i2(y)] 

= [4>u(x),y] -arf*(0i 2 (x)) + [x,(j) U (y)\ + arf*(0 12 (y)). (18) 

Comparing (TT7]) and (ITHlh we first get 

<M[z,2/D = [(f>u(x),y} + [x,0u(y)], Vx,?/ G Q. (19) 

This means that 0n zs a derivation of the Lie algebra Q . 
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Secondly we have 

(j)i2([x,y]) = ad*(0i 2 (y)) - ad*(0i 2 (x)). (20) 



Equation (1201) means that 0i 2 : Q ^ Q* is a 1-cocycle of Q with values on Q* for the 
coadjoint action of Q on Q*. 

Now we are going to examine the following case: 

= 21 (ad*j) + <M</), v x e g, v / g g*. (21) 

and 

[<P(x)j] + [x,<f>{f)] = [Mx) + M*),f] + [x,Mf) + Mf)]> 

= ad^f+^Mf^ + adUMf))- (22) 
Identifying ( l2Tj) and ( 1221) we obtain on the one hand 

21 (aC/) = [x,0 21 (/)], 

= a4(02i(/)), Vxg£, V/g£*. 

We write the above as 

02i o ad* x = ad x o 21 , V x G g. 

That is, 02i : g* ~> g ^ equivariant (commutes) with respect to the adjoint and the 
coadjoint actions of Q on g and g* respectively. 
We have on the other hand 

022«/) = aC(0 22 (/)) + ad; ii(x) f, y xe g,vfeg*. (23) 

Formula fl23l) can be rewritten as 

22 o ad* x — ad* x o 22 = ad^^, V x G g. 

i.e. 

[(f)22,ad* x ] = ad* Mx) , V x G Q. 

Last, for f,g G we have 

0([/,<7]) = O, (24) 

and 

[<£(/), <?] + [/, 0(0)] = [Mf) + Mf),9] + \f,<hi{g) + M9)], 

From ([21]) and (1231) it comes that 

ad; 2l{f) g = adl 2l{g) f, Vf,geg*. 
Noting a := 0n, /3 := 0i 2 , ip := 2 i and £ := 22 , we get a proof of Theorem 13. 11 □ 
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Remark 3.1. (Notations ) From now on, if Q is a Lie algebra, then 

(1) £ will stand for the space of linear maps £ : Q* — > Q* satisfying Equation 177]) . for 
some derivation a of Q; 

(2) set Qx :— ^0 : V — > V, (f)(x, f) = (a (a;), £(/)), where a E der(Q), £ E £ and [£, ad* x ] : 

(3) we may let Q stand for the space of 1-cocycles (3:Q — > Q* as in K2U\) . whereas may 
be used for the space of equivariant linear if) : Q* — > Q as in (17^). which satisfy < f73j) : 

(4) we will denote by Q2, the direct sum Q2 '.— Q © ^ of the vector spaces Q and 

Remark 3.2. The spaces der(Q) of derivations of Q , Q and as in Remark \3.1\ are 

all subsets of der(V), as follows. A derivation a of Q , an equivariant map if) E a 
1-cocycle (3 E Q are respectively seen as the elements 4> a ,4>ip,4>i3 of der{T>), with 

<f> a {x, f) := (a(x), foa); ^(x, f) := (^(/), 0); ^(x, f) := (0, /%)), V (x, f) E V. 

3.2 A structure theorem for the group of automorphisms of V 

Lemma 3.1. The space £, as in Remark \3.1[ is a Lie algebra. 
Namely, £ £ satisfy 

[fi, ad* x ] = ad* ai(x) and [£ a , ad* x ] = ad* a2{x) , V x E G, (26) 

then their Lie bracket [£1,^2] is in £ and satisfies 

[[&, £ 2 ], ad x ] = ad* [aua2]{x) ,W x E Q. (27) 

Proof. Using Jacobi identity in the Lie algebra Ql{Q*) of endomorphisms of the vector 
space Q*, we get 

= [[a, + [6, [6, <]] 
= [<(,).6] + [6,< 2 (,)] 

= _a ^a 2 oaiW + a< Kxioa 2 {x) 
= ad U,a 2 ](x)> V X EG. 

□ 

Lemma 3.2. The space Gi, as in Remark \3.1\ is a Lie subalgebra ofder(T>). 

Proof. This is a consequence of Lemma [3TT1 If <pi := (ai,£i), 02 : = (0*2,62) £ £1, then 
2 ] = ([«!, a 2 ], [61, £2]); as can easily be seen, below. For every (x, f) E V, we have 



«i o 0-3(2;) , £1 o &(/)) - ("2 ° aci(x) , £ 2 o Ci(/)J 
[a 1 ,a 2 ](x), [fi, &](/)). 



□ 
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Lemma 3.3. Let (3 andip be elements of Q and^, respectively. Then [f3,ip] = (— ipo{3, (3o 
i>) G Gi, more precisely (3 o ip e£ , ip o [3 G der(G) and [(3 o ip, ad* x ] = —ady p, x j,Vx G G- 

Proof. First, (3 being a 1-cocycle is equivalent to 

(3 o ad x (y) = ad* x o (3{y) - ad* y o (3(x), Vx,yeG- (28) 

Now for every x G G and / G G*, we have 

[(3oip,ad x ]{f) = (3o^oadl{f)-adlo(3o^(f) 

= (3 o ad x o ip(f) — ad* x o (3 o now take p = i n (ES) 

= ad* o/?o ^(/) - ad^ U) (3(x) -ad* x o(3o ip(f), 

= —ad^rf\f3(x), take p = in ( TTBl 

= -adyo/i(x)f = a d* a {x)f, where a = o /?. 

Next, the proof that ip o /3 G der(G), is straightforward. Indeed, for every x,y <E G, we 
have 

V> o p] = V (ad* x /3(y) - ad* y (3(x)) 

= ad x oip o /3(p) — ad y o *0 o /3(x)) 

Hence ^] g£?i, for every /3 G <2 and ^6 □ 

Lemma 3.4. Let := (a, £) 6e zn /3 : — ► £?* and -0 : — > £ &e respectively in Q 
and in Taen frota [0, /3] and [0, -0] are elements of G2, more precisely [0, /3] G Q and 
[(p,ip) G Moreover, we have [Q, Q) = and = 0. 

Proof. Let = (a, G £7i, /3 : £ — > G* a 1-cocycle and ip : — > G an equivariant linear 
map. Using 0^ and 0^ as in Remark 13. 2\ we obtain 

[<f>,<f>f,]{x,y) = 0(o,/3(x)) -0^(a(x),e(/)) 
= (o,£o - (0^oa(i)) 
= (0, ($oM3oa)(i)). 

Now, let us show that /3:=£o/3 — /? o a : ^ ^ ^* is a 1-cocycle. Indeed, on the one 
hand we have 

£o[3{[x,y}) = t{adl(3{y)-ad* y (3(x)) 

= ([£, ada + ac ° e) (/%)) - (te, ki + K Ow) 

= ad* a ( x) (3(y) + ad* x {£ o (3(y)) - ad* a{y) (3{x) - ad* y {£ o (3(x)) 

= o /%)) - ad* y (Z o /3(x)) + ad* a{x) (3(y) - ad* a{y) (3(x) (29) 
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On the other hand, we also have 

Poa([x,y}) = P([a(x),y))+P([x,a(y)}) 

= ad* a(x) (3(y) - ad* y ((3 o a (x)) + ad* x ((3 o a (y)) - ad* a{y) (3(x) (30) 

Subtracting (l30l) from (J29l) . we see that /3[x, y] now reads 

P[x,y] = adl{to(3-(3oa){y)-ad* y {io(3-(3oa)tx) 
= ad x (3(y) — ad*/3(x) 

Hence (3 e Q. 

In the same way, we also have 

[0,^] (*,!/) = 0(^(/),O)-^(a(x),e(/)) 
= (ao^(/),0)-(^oe(/),0) 

= ((ao^^o()(/) , 0) 

The linear map ip :— a o ip — ip o £ : Q* Q is equivariant, i.e. is an element of As 
above, this is seen by first computing, for every x G Q and / G Q*, 

a o = a ([x, V(/)]) = [a(x), V(/)] + [x, a o ^(/)] (31) 

and 

= v° ([£,<] +<°e)(/) 

= ^« ( .)/)+V'(««(/)) 

= [a(z),W)] + M «£(/)], (32) 

then subtracting ( |3~T1) and (!32l) . 

Now we have 

[^,^](x,/) = 4>p$,p(x)) - Mo,P(x)) = o 

and 



, Mix, f) = M^'(f), o) - <MW), o) = o, 

for all (x, /) G P. In other words, [Q, Q] = and [tf , *] = 0. □ 

We summarize all the above in the 

Theorem 3.2. Let G be a Lie group and Q its Lie algebra. The group Aut(D) of auto- 
morphisms of the Lie algebra T> of the cotangent bundle T*G ofG, is a symmetric group. 
More precisely, its Lie algebra der{T>) decomposes into a direct sum of vector spaces 

der{V) :=G 1 ®g 2 , with [G h Gi] C Gx, [Gi, G2] C G 2 , [G 2 , <3i\ C Gi, (33) 
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where Qi is the Lie algebra of linear maps 4> : V — > V, <p(x, /) = (a(x),£(f)) with a a 
derivation of Q and the linear map £ : Q* — ► Q* satisfies, 

[Z } ad* x } = ad* Q(x) Vxeg; (34) 

and Q2 is the direct sum (as a vector space) of the space Q of 1-cocycles Q —>■ Q* and the 
space of linear maps Q* — > Q which are equivariant with respect to the coadjoint and 
the adjoint representations and satisfy 173]) . Moreover, Q and ^ are Abelian subalgebras 
of der(V). 

Remark 3.3. In Propositions \3 . 1\ and \3.2\, we will prove that every element I; of 8 is the 
transpose £ = (a + j)' of the sum of a derivation a G der(Q) and an adjoint-invariant 
endomorphism j G J of ' Q. 

We also have the following 

Theorem 3.3. The first cohomology space H l CD,T>) of the (Chevalley-Eilenberg) coho- 
mology associated with the adjoint action ofD on itself, satisfies H X (T>, T>) = H x (g, Q) © 
J 1 © H 1 ^, Q*) © \I>, where H 1 ^, Q) and H l {Q, Q*) are the first cohomology spaces as- 
sociated with the adjoint and coadjoint actions of Q, respectively; J 1 is the space of 
transposes of elements of J . 

If Q is semi-simple, then \& = {0} and thus = J 1 . If Q is a semi-simple 

Lie algebra over C, then J — C p , where p is the number of the simple ideals Si of Q such 
that Q — S\ © . . . © S p . Hence, of course, H X {T>, T>) — C p . In particular, if Q is complex 
and simple, then = C. 

IfQ is a compact Lie algebra overC, with centre Z(Q), we get H 1 ^, Q) = EndiZ \Q)) , 
J = C p © End(Z(g)), H\g,g*) = L(Z(g),Z(g)*), V = L(Z(g)*,Z(g)). Hence, we 
get H l (V,V) = (End(C k )) A © C p , where k is the dimension of the center of g , and p is 
the number of the simple components of the derived ideal [g,g] of g. Here, if E,F are 
vector spaces, L(E, F) is the set of linear maps E —>■ E. 

The proof of Theorem 13.31 is given by different lemmas and propositions, discussed 
in Sections 13.61 and HI 

Let us now have a closer look at maps £, if), /3, etc. 

3.3 Maps £ and bi-invariant tensors of type (1,1) 
3.3.1 Adjoint invariant endomorphisms 

Linear operators acting on vector fields of a given Lie group G can be seen as fields of 
endomorphisms of its tangent spaces. Bi-invariant ones correspond to endomorphisms 
j : g — > g of the Lie algebra g of G, satisfying the condition j[x, y] = \jx,y], for all 
x, y G g. If we denote by V the connection on G given on left invariant vector fields by 
V x y := h[x, y], then using the covariant derivative, we have Vj = 0, (see e.g. [21]). As 
above, let J := {j : g — ► g, linear and j[x,y] = [jx,y],Wx,y G g}. Endowed with the 
bracket [j,]'} '■— j ° j' — j' o j, the space J is a Lie algebra, and indeed a subalgebra of 
the Lie algebra gi(Q) of all endomorphisms of g. 

In the case where the dimension of G is even and if in addition j satisfies j 2 = -identity, 
then (G,j) is a complex Lie group. 
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3.3.2 Maps f : Q* -> 



Proposition 3.1. Let Q be a Lie algebra and a a derivation ofQ.A linear map £' : — ► 
satisfies [£', ad x ] = ad a ( x ), Vx G £/, i/ and on/y i/ t/iere exists a linear map j : Q ^ Q 
satisfying 

j([x,y}) = \j{x),y] = [x,j(y)\, V x,y eG, (35) 

such that £' = j + a. 

Proof. Let a be a derivation and £' an endomorphism of £7 satisfying the hypothesis of 
Proposition 13.11 that is, [£', adj = ad a ( x ) = [a, ad x ], V x G Q. We then have, 

[f ' - a, a4] = 0, Viea (36) 

So the endomorphism j := £' — a commutes with all adjoint operators. 

Now a linear map j : Q — > £ commuting with all adjoint operators, satisfies 

= \j,ad x ](y) =j([x,y]) - [x,j(y)\, Vx,yeG. (37) 

We also have, 

= [j,ad y ](x) = j([y,x}) - [y, j(x)], Vx,ye<3. (38) 

From (1371) and (1381) . we have j([x,y]) = \j(x),y] = [x,j(y)], V x,y G Q. 

Thus, fl36|) is equivalent to £' = j + a, where j satisfies f l35|) . □ 

Remark 3.4. The above means that the space J is the centralizer Zgug^adg) := {j : 
Q — ► £ linear and [j,ad x ] = 0, Va; G {?} m £?/(£?) := {/ : — > Q linear } o/ £/ie space 
adg of inner derivations ofQ. 

Proposition 3.2. Let Q be a nonabelian Lie algebra and S the space of endomorphisms 
£' ' : Q — > Q such that there exists a derivation a of Q and [£', ad x ] = ad a ^ x ) for all x G Q . 
Then S is a Lie algebra containing J and der(Q) as subalgebras. In the case where Q 
has a trivial centre, then S is the semi-direct product S = der(Q) K J of J and der{Q). 

A linear map £ : Q* — > Q* is an element of S, i.e. satisfies 07]) . if and only if its 
transpose £' is an element of S. The transposition £ i— ► of linear maps is an anti- 
isomorphism between the Lie algebras £ and S. 

Proof. Using the same argument as in Lemma I3TT1 if [^adj] = ad ai ( x ) and [^' 2) ad x ] = 
dd a2 ( x ), \/x G Q, then [[£i,£ 2 ]; ac y = a d[ ai , a2 }(x), Vx G Q. Thus S is a Lie algebra. From 
Proposition l3.lt there exist j\ G J such that ^ = cti + ji, i — 1, 2. Obviously, 5 contains 
J7" and der(Q). Thus, as a vector space, S decomposes as S = der(Q) + J . Now, the Lie 
bracket in S reads 

= [«i + ii' "2 + J2] = [ax, 0£ 2 ) + j 2 ] + [ji, a 2 ] + [31,32] (39) 

Of course we have [ai,a 2 ] G der{Q) and [71, .72] G J7", as J7" is a Lie algebra (Section 
13.3.11) . It is easy to check that 

[a,j] G J, Va G der(G), Vj G (40) 
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Indeed, the following holds 

[ a J\([ x ,y\) = a(\j(x),y\) -j([a(x),y] + [x,a(y)\) 

= [aoj(x),y] + \j(x),a(y)\ - \joa(x),y] - \j(x),a(y)\ 

= [[a,j)(x),y],\/x,y G Q. (41) 

The intersection der(G) n J is made of elements j of J whose image Im(j) is a subset 
of the centre Z{Q) of Q. Hence if Z{G) = 0, then S = der(G) © J and as a Lie algebra, 
S = der{Q) k J. Using this decomposition, we can also rewrite ( l39i) as 

= [(<*iJi) > ("2,j2)] = ([ai,a 2 ] , [ji, J2] + [ai, j 2 ] + [ji,a 2 ]) (42) 
Now let £ G £ , with [£, ad*] = ad* (x) , then 

- ad a(:E) = [£,a<£]* = -[£*, «)*] = 
Hence G 5, with ad a >( x ) = [£*, ad x ], Va; G where a' := —a. Of course, we also know 

that [6,6]' = -K,d],V6,6e^- □ 

Lemma 3.5. Let : G G linear such that there exists a : G — » linear and 
[£',ad x ] = ad a ( x ), Wx G <?. T/ien £' preserves every ideal A of G satisfying [A, A] = A. 
In particular, if G is semisimple and G = Si ©s 2 © • • • ©s p zs a decomposition of G into 
a sum of simple ideals Si, . . . ,s p , then £'(Bi) C Si, V i = 1, . . . ,p. 

Proof. The proof is straightforward. Indeed, every element x of an ideal A satisfying 
the hypothesis of Lemma [3. 5 [ is a finite sum of the form x = yj] where Xi,yi are 

i 

all elements of A. But as A is an ideal, 

Vi\) = £' ° ad Xi (yi) = ([£', ad Xi ] + ad Xi o £') ( Vi ) 
= (ad a ( Xx) + ad Xi o f) (y { ) = [a(xi),y t ] + [x { , 

is again an element of A. Hence we have £'(x) = [[a(xi),yi] + [xi, G A. □ 



3.4 Equivariant maps ip : Q* — > 

Let ^ be a Lie algebra. In this section, we would like to explore properties of the space 
\1/ of linear maps ip : G* ^ G which are equivariant with respect to the adjoint and the 
coadjoint actions of G on G and G* respectively and satisfy Equation (TTSl : 

ad kf)9 = ad *4*(g)f> v f>9 e £?*. 

Lemma 3.6. Le£ G be a Lie algebra and ip £ ty. Then, 

(a) Imtp is an Abelian ideal of G and we have i>{ad*^, g -,f) = 0, Vf,g G G* ; 

(b) ijj sends closed forms on G in the center ofQ; 

(c) [Imip,G] C kerf, V/ G ker^; 

(d) the map ip cannot be invertible if G is not Abelian. 
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Proof, (a) For every / G Q* and x G Q, we have, 

fo&(/), x] = -(a4 o = -(V ° O(Z) e 

Hence Im(ip) is an ideal of 

Now, for every f,g £ G*, since VKZ) and ^/>(g) are elements of we also have 
ip o ad^rf* = ad^(f) ° ^ an d ^ ° ac ^/>( 9 ) = a ^ip(g) ° On the one hand, 

(V> o a^ (/) ) (5-) = (ad^ f) o if>) (g) 

iP(ad; {f) g) = W)^{g)\ (43) 

On the other hand, 

(V> o ac/; (9) ) (/) = (a^ (ff) o if) (/) 

= h%), </>(/)] (44) 

Using P3|) and (jSJ) we get 

[v»(/),^)] = ^m; (/) <?) = v« (ff) z) = h%),v>(z)] (45) 

Equation ( T45l) implies the following 

W),^)]=^(a^( 9 )/) = 0, Vf,geg*. (46) 
So we have proved (a). 

(b) Let / be a closed form on Q, that is, f E Q* and ad*/ = 0, V x G The relation 
ffTBI) implies that ad* (/) g = 0, V g G £*. Thus, 

<7(hK/),y]) = O,V0 6 0, VgG£* 

and hence [-?/>(Z),g] = 0, Vg G In other words ip{f) belongs to the center of Q. 

(c) If Z G ker^, then ad*^Z = a( ^ip{f)9 = ^, V g G £?*, or equivalently, for every x G 
and g G £?*, f([ip(g), ar]) =0. It follows that [7ra^>, (/] C ker f,Wf£ ker -0. 

(d) From (a), the map ip satisfies ^(ad^^Z) = 0, V f, g G . There are two possibilities 
here: 

(i) either there exist f,g G Q* such that ad^^f ^ 0, in which case ad^^Z £ ker?/> 7^ 
and thus ip is not invertible; 

(ii) or else, suppose ad^^Z — 0, VZ, g G £?*. This implies that ip(g) belongs to the center 
of Q for every g G Q* . In other words, the center of Q contains Im(%p). But since Q is 
not Abelian, the center of Q is different from Q, hence ip is not invertible. □ 

Lemma 3.7. The space of equivariant maps ip : Q* — > Q bijectively corresponds to that 
of Q -invariant bilinear forms on the Q -module Q* for the coadjoint representation. 

Proof. Indeed, each such tp defines a unique coadjoint-invariant bilinear form (, )^ on Q* 
as follows. 

(f,9h--=W),g), V/.peg', (47) 
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where the right hand side is the duality pairing (/, x) — f(x), x £ Q, f £ G*, as above. 
The coadjoint-invariance reads 

«/, <?>v- + (/, a<%9h = 0, Vx £ 0, V/, g £ £*, (48) 

and is due to the simple equalities 

{ad* x f,g)ip = (ip(ad*J),g) = (ad x ip(f),g) 
= -(ip(f),ad* x g) = -(f,ad* x g}^. 

Conversely, every ^-invariant bilinear form on Q* gives rise to a unique lin- 
ear map ip\ : Q* — > Q which is equivariant with respect to the adjoint and coadjoint 
representations of Q, by the formula 

(Mf),9) ■■= (f,9)i- (49) 



□ 



If ip is symmetric or skew-symmetric, then so is (,)^ and vice versa. Otherwise, 
(, }^ can be decomposed into a symmetric and a skew-symmetric parts (, )^ )S and (, }^ )0 
respectively, defined by the following formulas: 



(f,g)ip,a 



1 

2 L 
1 

2 



{f,g)i> + (g,f)i> 
(f,g)*i> - (g,f)i> 



(50) 
(51) 



The symmetric and skew-symmetric parts (, )i )S and (, )i >a of a (/-invariant bilinear form 
(, )i, are also (/-invariant. From a remark in p. 2297 of [T9] . the radical Rad(, )i := {/ £ 
Q* i (f>g)i — 0, Vg £ Q*} of a (/-invariant form (, ) x , contains the coadjoint orbits of all 
its points. 



3.5 Cocycles Q -> £?*. 

The 1-cocycles for the coadjoint representation of a Lie algebra £ are linear maps 
: Q —* Q* satisfying the cocycle condition /3([x, y]) = ad* x (3{y) — ad*(3(x), \/x,y £ Q. 
To any given 1-cocycle /?, corresponds a bilinear form Qp on Q, by the formula 

n p (x,y):={/3(x),y), Vx,yeQ, (52) 

where (, ) is again the duality pairing between elements of Q and Q* . 

The bilinear form Qp is skew-symmetric (resp. symmetric, nondegenerate) if and 
only if (3 is skew-symmetric (resp. symmetric, invertible). 

Skew-symmetric such cocycles f3 are in bijective correspondence with closed 2-forms 
in Q, via the formula (1521) . In this sense, the cohomology space if 1 (D,D) contains the 
second cohomology space H 2 (Q, K) of Q with coefficients in R for the trivial action of Q 
on ML Hence, if 1 (P,P) somehow contains the second space Hf nv (G, M) of invariant de 
Rham cohomology H* nv (G,M) of any Lie group G with Lie algebra Q. 
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Invertible skew-symmetric ones, when they exist, are those giving rise to symplectic 
forms or equivalently to invertible solutions of the Classical Yang-Baxter Equation. The 
study and classification of the solutions of the Classical Yang-Baxter Equation is a 
still open problem in Geometry, Theory of integrable systems, etc. In Geometry, they 
give rise to very interesting structures in the framework of Symplectic Geometry, Afline 
Geometry, Theory of Homogeneous Kahler domains, etc (see e.g. [8] and references 
therein) . 

If Q is semisimple, then every cocycle j3 is a coboundary, that is, there exists fp G Q* 
such that (3{x) = —ad x fp, Wx G Q. 

3.6 Cohomology space H l (U, V) 

Following Remarks 13.11 13.2} we can embed der{Q) as a subalgebra der{Q)\ of der(V), 
using the linear map a i— > <fi a , with 0q,(x, /) = (a(x), f o a). In the same way, we have 
constructed Q and \I/ as subspaces of der(V). Likewise, J 1 := {f, where j G J} is seen 
as a subspace of der(V), via the linear map f \— > 4>ji with (pj(x, f) = (0, / o j). 

As a vector space, der(T>) is isomorphic to the direct sum der{Q) © J 1 © Q © ^ by 

$ : der{g) © J 1 © Q© * ->• der(V); (a, j\ (3, ip) i-> a + ^- + 0^ + 0^. (53) 

In this isomorphism, we have $(c?er(^) © J 1 ) = der(Q) 1 © J 1 = Q 1 and $(Q© , I / ) = Q 2 - 
Now an exact derivation of V, i.e. a 1-coboundary for the Chevalley-Eilenberg coho- 
mology associated with the adjoint action of T> on D, is of the form 0o = dvo = ad Vo for 
some element t> := (xo, /o) of the D-module P. That is, <f>o(x, f) = (ao(x), Po{x)+£o{f))i 
where a (x) := [x , x], (3 (x) = -ad* x f , £o(/) = ad* Q /. As we can see O = (f>a +<f>p = 
$(a ,0,/3 ,0) and 

Proposition 3.3. The linear map $ m ( f53j) induces an isomorphism $ zn cohomology, 
between the spaces E l {Q,Q) © 3 l @R l {Q,Q*) © * and H l {V,V). 

Proof. The isomorphism in cohomology simply reads 

$ (class (a), j*, class(P), ip) = class(4> a + <pj + (pp + 0^,). □ 

4 Case of orthogonal Lie algebras 

In this section, we prove that if a Lie algebra Q is orthogonal, then the Lie algebra 
der(Q) of its derivations and the Lie algebra J of linear maps j : Q — > £ satisfying 
j/] = [ja;, y], Vx, y E Q, completely characterize the Lie algebra der(V) of derivations 
of T> := Q x Q*, and hence the group of automorphisms of the cotangent bundle of any 
connected Lie group with Lie algebra Q. We also show that J is isomorphic to the space 
of adjoint-invariant bilinear forms on Q. 

Let (Q, n) be an orthogonal Lie algebra and consider the isomorphism 9 : Q — > Q* of 
(/-modules, given by (9(x),y) := fi(x,y), as in Section 12721 

Of course, 8~ l is an equivariant map. But if Q is not Abelian, invertible equivariant 
linear maps do not contribute to the space of derivations of T>, as discussed in Lemma l3~6l 
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We pull coadjoint-invariant bilinear forms B' on Q* back to adjoint-invariant bilinear 
forms on Q, as follows B(x,y) := B'(9(x),9(y)). Indeed, we have 

B{[x,y],z) = B'(9([x,y}),9(z))=B'(ad* x 9(y),9(z)) 
= -B'(9(y),ad* x 9(z)) = -B(y,[x,z}). 

Proposition 4.1. If a Lie algebra Q is orthogonal, then there is an isomorphism between 
any two of the following vector spaces 

(a) the space J of linear maps j : Q — > Q satisfying j[x, y] = [jx, y], Wx, y G Q; 

(b) the space of linear maps if> '■ Q* ~ > Q which are equivariant with respect to the 
coadjoint and the adjoint representations of Q; 

(c) the space of bilinear forms B on Q which are adjoint-invariant, i.e. 

B([x, y],z) + B(y, [x, z]) = 0, for all x,y,z G Q; (54) 

(d) the space of bilinear forms B' on Q* which are coadjoint-invariant, i.e. 

B'(ad*J, g) + B'(f, ad* x g) = 0, for all xeQ, f,ge Q\ (55) 

Proof. • The linear map i/j h- > ip ° ^ is an isomorphism between the space of equivariant 
linear maps if) : Q* — > Q and the space J . Indeed, if if) is equivariant, we have 

if) o 9([x, y]) = -iP(ad* y 6(x)) = -ad y ifj{9{x)) = [if> o 9(x), y}. 

Hence if) o 9 G J . Conversely, if j G J , then j o 9~ 1 is equivariant, as it satisfies 

j o 9~ 1 o ad* x —jo ad x o 9~ l = ad x o j o 9~ 1 . 

This correspondence is obviously linear and invertible. Hence we get the isomorphism 
between (a) and (b). 

• The isomorphism between the space J of adjoint-invariant endomorphisms and adjoint- 
invariant bilinear forms is given as follows 

j G J ^ Bj, where Bj(x,y) := (i(j(x),y). (56) 

We have 

Bj([^,y],z) := fi(j([x,y]),z) = fi([x,j(y)],z) = -fi(j(y),[x, z\) = -Bj(y, [x,z]). 

Conversely, if B is an adjoint-invariant bilinear form on Q, then the endomorphism j, 
defined by 

Kj( x )>y) ■= B(x,y) (57) 

is an element of J7", as it satisfies 

p(j([ x >v])> z ) '■= B([ x >v\i z ) = B ( x > [y^A) = [y,z]) = K\j( x )>y]> z )> V x ,y, z e Q- 

• From Lemma 13.71 the space of equivariant linear maps if> bijectively corresponds to 
that of coadjoint-invariant bilinear forms on Q*, via if) \— > (, □ 
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Now, suppose if) is skew-symmetric. Let u>^ denote the corresponding skew-symmetric 
bilinear form on Q: 

uty(x, y) := /J,(ip o 9(x),y), V x, y G Q. (58) 

Then, oty is adjoint-invariant. If we denote by d the Chevalley-Eilenberg coboundary 
operator, that is, 

{du^){x,y,z) = -(wj,([x,y],z) + ^{[y , z\, x) + oty([z, x], y)), 

the following formula holds true 

(duj^)(x,y,z) = -u^{[x,y],z). 

Corollary 4.1. The following are equivalent. 

(a) is closed 

(b) i(>o9([x,y])=0, Vx,yeg. 

(c) Im(if)) is in the center of Q. 

In particular, if dim[Q, Q] > dimQ — 1, then is closed if and only if if) — 0. 

Proof. The above equality also reads 

duj^(x,y,z) = -u^([x,y],z) = ° 9([x, y]), z), V x, y, z G Q, (59) 

and gives the proof that (a) and (b) are equivalent. In particular, if Q = [Q, Q] then, 
obviously duo^ = if and only if if) = 0, as 9 is invertible. 

Now suppose dim[£/, Q\ = dimQ — 1 and set Q = Mxo © [£/,£/], for some xo G Q. If 
uo^p is closed, we already know that if) o 9 vanishes on [Q, Q\. Below, we show that, it also 
does on Rx . Indeed, the formula 

= -aty([z, y], x ) = u^(x , [x, y\) = fx(ip o 9(x ), [x, y]), Vx,f/G Q, (60) 

obtained by taking z = xq in ( 1591) . coupled with the obvious equality = u^(xq,xo) = 
li(if) o 9(x ), Xq), are equivalent to if) o 9(x ) satisfying [i(if) o 9(x ), x) — for all a; G (/. 
As /i is nondegenerate, this means that if) o 9(xq) = 0. Hence if) o 6 1 = 0, or equivalently 
V> = 0. 

Now, as every / G is of the form / = 9(y), for some y G the formula 

t/> o 6»([.t, ?/]) = if) o ad* x 9(y) = ad x oif)o 9{y) = [x,if)a 9(y)), Wx, y G Q. (61) 

shows that if) o 9([x, y\) = 0, Wx, y G Q if and only if Im(if)) is a subset of the center of 
Q. Thus, (b) is equivalent to (c). □ 

Now we pull every element £ G £ back to an endomorphism £' of £ given by the 
formula £' := o(o0. 

Proposition 4.2. Let (Q,fi) be an orthogonal Lie algebra and Q* its dual space. Define 
9 : Q —>■ Q* by (9(x), y) := fi(x, y), as in Section [Ql and let £ and S stand for the same 
Lie algebras as above. The linear map Q : £ i— > £' := -1 o £ o 9 is an isomorphism of 
Lie algebras between S and S. 
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Proof. Let £ G £, with [£, ad*] = ad*,), Vx G The image Q(£) —■ £' of £, satisfies 

\/xeg, 

[i\ad x ] := i'oad x -ad x o£' 

:= 9~ x o £ o 9 o ad^ — adc o 6 1 " 1 o £ o 9 

= o £ o ad* x o9 -9- 1 oad* x o^o9 

= 9- 1 o (£ o ad* x -ad* x 0^)0 9 

= 9- 1 o ad£ (se) o 0, since [f , ad*] = ad* (:c) . 

= 9^ o 9 o ad a ^ x ), using (jl]). 

= ad a (x). 

Now we have [Q(£i)> Q(6)D = Q([£i>6]) f° r all 6i>6 G £, as seen below. 

[Q(£i),Qfo)]) ■= 0(6)0(6) - Q(6)Q(6) 

:= 0- 1 o & o o tf- 1 o £ 2 o - 9- 1 o £ 2 o 9 o 0- 1 o^ofi 
= 0- 1 o[£ 1 ,&]o9 

= Q([6,6]). (62) 

□ 

Proposition 4.3. T/ie linear map P : /3 1— > Z)g := _1 o /3, zs an isomorphism between 
the space of cocycles (3 : — > Q* and the space der(Q) of derivations of Q. 

Proof. The proof is straightforward. If (5 : Q — > C/* is a cocycle, then the linear map 
: £ — ► Q, 9~ 1 (P(x)) is a derivation of as we have 

D p [x,y] = 9- 1 {ad*J{y) - ad* y P(x)) = [a, 0" 1 (/%))] - [y, 9~\p(x))]. 

Conversely, if D is a derivation of Q, then the linear map (3d '■= P Y {D) = 9 o D : 
Q — > C?*, is 1-cocycle. Indeed we have 

fob, = y] + [x, Dy}) = -ad* y (9 o D{x)) + ad* x (9 o D(y)). 

□ 



4.1 Case of semisimple Lie algebras 

Suppose now Q is semisimple, then every derivation is inner. Thus in particular, the 
derivation <fiu obtained in (fl9l) . is of the form 

</>n = ad Xo , for some xq G Q. (63) 

The semisimplicity of Q also implies that the 1-cocycle 0i2 obtained in (1201) is a cobound- 
ary. That is, there exists an element fo G Q* such that 

012 (z) = -ad* x f , Vx G £. (64) 
Here is a direct corollary of Lemma 13.61 
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Proposition 4.4. If Q is a semisimple Lie algebra, then every linear map ip : Q* — ► Q 

•which is equivariant with respect to the adjoint and coadjoint actions of Q and satisfies 
173]) . is necessarily identically equal to zero. 

Proof. A Lie algebra is semisimple if and only if it contains no nonzero proper Abelian 
ideal. But from Lemma T3.6[ Im{ip) must be an Abelian ideal of Q. So Im(if>) = {0} and 
hence if) = 0. □ 

Remark 4.1. From Propositions \3. 3\ and 4-4 ' the cohomology space H X {T> } D} is com- 
pletely determine by the space J of endomorphisms j with j([x,y]) = \j(x),y], Vi, y G 
Q, or equivalently, by the space of adjoint-invariant bilinear forms on Q. 

Corollary 4.2. If G is a semisimple Lie group with Lie algebra Q, then the space of 
bi-invariant bilinear forms on G is of dimension dimH 1 (V ,V) . 

So far, we have explicitly worked with Lie algebras over the field R of real numbers, 
although most of the results are also valid for any field of characteristic zero. Now, here 
is what happens for fields where the Schur lemma can be applied. 

Proposition 4.5. Suppose Q is a simple Lie algebra over C. Then, 

(a) every linear j : Q — > Q satisfying j[x,y] = [jx,y], Vx, y 6 Q, is of the form j (x) = Xx, 
for some A G C. 

(b ) Every element £ of £ is of the form 

£ = ad* xo + Xldg*, for some x G Q and A G C. (65) 

Proof. The part (a) is obtained from relation (|36l) and the Schur's lemma. 
From Propositions 13.11 and I3.2[ for every £ G £, there exist a G der(Q) and j G J such 
that = a + j. As Q is simple and from part (a), there exist x G Q and A G C such 
that £* = ad,; + AIc?g. □ 

We also have the following 

Proposition 4.6. LetG be a simple Lie group with Lie algebra Q overC LetV> :=Q\aQ* 
be the Lie algebra of the cotangent bundle T*G of G. Then, the first cohomology space 
ofT* with coefficients in T> is H l (V,V) = C. 

Proof. Indeed, a derivation <f> : T> —>■ T> can be written: V (x, f) G T> := Q x Q*, 

0(^> /) = ([xo,x] , ad* x J - ad*J + A/), x G Q, f G (66) 

The inner derivations are those with A = 0. It follows that the first cohomology space 
of T> with values in T> is given by 

H\V,V) = {0:P^D:0(x,/) = (O,A/),AGC} 
= {\{0,Idg*),\eC} 

= CIdg* 

□ 
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As a direct consequence, we get 

Corollary 4.3. If Q is a semi-simple Lie algebra over C, then diniH 1 ^,!?) = p, 
where p is the number of simple components ofQ, in its decomposition into a direct sum 
G = Si © . . . © s p of simple ideals Si, . . . , s p . 

Consider a semisimple Lie algebra Q over C and set G = S\ © s 2 © ■ • • © S p , p G N, 
where Sj, i = 1, . . . ,p are simple Lie algebras. From Lemma \'S.5\ £' preserves each Sj. 
Thus from Proposition 14. 5[ the restriction ^ of £' to each Si, i = l,2,...,p equals 
£| = ad Xo _ + XiId Bi , for some x^ G Si and A^ G C. Hence, £' = ad Xo ©f =1 XJd Si , where 

x = x 0l + xq 2 + hio„ G S\ © s 2 © • • • © Sp and ® P =1 XJd Si acts on Si © s 2 © • • • © s p 

as follows: (® P i= i\Id s .)(xi + x 2 + . . . + x p ) = \\Xi + A 2 x 2 + • — V \ p x p . In particular, we 
have proved 

Corollary 4.4. Consider the decomposition of a semisimple complex Lie algebra Q 
into a sum Q = S\ © s 2 © • ■ ■ © s p , of simple Lie algebras Si, i = l,...,p G N. If a 
linear map j : Q — ► Q satisfies j[x,y] = [jx,y\, then there exist Ai,...A p G C such 
that j = \\id Bl © ... © \ p id Bp . More precisely j(x\ + . . . + x p ) = XiXi + . . . + \ p x p , if 

•Ei G Si, 1 1, • • • , P- 

Now, we already know from Proposition 14.41 that each ip vanishes identically. So a 
1-cocycle of T> is given by: 

v 

4>( x i f) = ([^o, x],ad* x J - ad* x f + ^ X ifi) ( 67 ) 

i=i 

for every x G Q and every / := f x + f 2 H h f p G s\ ®s* 2 © • • ■ ffis* = Q* , where x G Q, 

fo G Q* and Aj G C, i — 1, We then have, 

Proposition 4.7. Le£ G be a semisimple Lie group with Lie algebra Q over C. Let 
X* := Q k ^* 5e the cotangent Lie algebra of G. Then, the first cohomology space of T> 
with coefficients in T> is given by H l (T>,T>) = C p , where p is the number of the simple 
components of Q . 

4.2 Case of compact Lie algebras 

It is well known that a compact Lie algebra Q decomposes as the direct sum Q = 
[G,G] © Z{G) of its derived ideal [G,G] and its centre Z(G), with [G,G] semisimple and 
compact. This yields a decomposition G* = [G, G]*®Z(G)* of G* into a direct sum of the 
dual spaces [G,G}\ Z(G)* of [G,G] and Z{Q) respectively, where [G,G\* (resp. Z(G)*) is 
identified with the space of linear forms on G which vanish on Z(Q) (resp. [G, Q]). On 
the other hand, [G, G] also decomposes into as a direct sum [G,G] = Si © • • • © s p of 
simple ideals £j. From Theorem 13.11 a derivation of the Lie algebra T> := G x G* of the 
cotangent bundle of G has the following form <p(x, f) = (a(x) + ip{f),(3{x) + £(f)\ 
with conditions listed in Theorem 13.11 Let us look at the equivariant maps ip : G* — ► G 
satisfying ad^^g = ad^^f, Vf,g G G* ■ From Lemma T3.6[ Im(ip) is an Abelian ideal of 
G] thus Im(ip) C Z(Q). As consequence, we have ip(ad*f) = [x, ip(f)] = 0, V x G G, f G 
G*. 
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Lemma 4.1. Let (G,p>) be an orthogonal Lie algebra satisfying Q = [Q,Q]. Then, every 
g G G* is a finite sum of elements of the form Qi = ad^.cji, for some Xi G G , cji G G* . 

Proof. Indeed, consider an isomorphism 9 : Q — > Q* of (/-modules. For every g G G*, 
there exists x g G G such that g = 9(x g ). But as G = [G, G], we have x g = [xi, yi] + . . . + 
[x s ,y s ] for some x^y* G Q. Thus g = 9([x 1 ,y 1 \) + . . . + 8([x t ,y e ])= ad* xi 9{y x ) + . . . + 
ad* s 9(y s ) = ad xi gi+ . . . + ad* Ss g s where X{ = Xi and <?, = 9(yi). □ 

A semisimple Lie algebra being orthogonal (with, e.g. its Killing form as /i), from 
Lemma HH] and the equality i/;(ad*f) = 0, for all x G G, f G G*, each ^ in ^ vanishes on 
[G, £?]*■ Of course, the converse is true. Every linear map if) : Q* — > £ with Im{ip) C 
and £?]*) — 0, is in Hence we can make the following identification. 

Lemma 4.2. Let Q be a compact Lie algebra, with centre Z(Q). Then \1/ is isomorphic 
to the space L(Z(Q)*, Z{Q)) of linear maps Z(Q)* — > Z{Q). 

The restriction of the cocycle (3 to the semisimple ideal [G, Q] is a coboundary, that 
is, there exits an element / G G* such that for every X\ G [G,G], P(xi) = —ad xi f . 
Now for X2 G Z(Q), one has = /3[x2,y] = —ad*j3(x 2 ), V |/ G G, since £2 G In 
other words, /3(x 2 )([y, z]) = 0, V y, z G . That is, /^a^) vanishes on [G,G] for every 
^2 G Hence, we write (3(x) = —ad* Xi f + rj(x 2 ), V x := Xi + x 2 G [£, © Z(C?), 

where 77 : Z(£?) — > Z(G)* is a linear map. This simply means the following. 

Lemma 4.3. Let G be a compact Lie algebra, with centre Z(G)- Then the first space 
^(GiG*) of the cohomology associated with the coadjoint action ofG, is isomorphic to 
the space L(Z(G), Z(G)*)- 

We have already seen that £ is such that £* = a+j, where a is a derivation of G and j 
is an endomorphism of G satisfying j([x, y]) = \j(x),y] = [x,j(y)). Both a and j preserve 
each of [G, Q] and Z{Cf). Thus we can write a = ad XOl © <p, for some x 01 G [G, G], where 
if G End(Z(G))- Here a acts on an element x := x± + x 2 , where X\ G [G, G], x 2 G Z(G), 
as follows: a(x) = (ad X01 © <p)(xi + x 2 ) : = ad XQl xi + <f(x 2 ). We summarize this as 

Lemma 4.4. IfG is a compact Lie algebra with centre Z(G), thenH l (G,G) = End(Z(Q)). 

Now, suppose for the rest of this section, that G is a compact Lie algebra over C. 
We write j = ®i=iKId[g,g]i © P, where p : Z(G) — * Z(G) is a linear map and j acts on 
an element x := Xi + x 2 as follows: 

p p 
.7 0*0 = ( © ^/dp,^ © pj (x n + xu H h xi p + x 2 ) = ^2 + P( x 2) 

i=l i=l 

where Xi := Xu + X\ 2 H h Xi p G [C?, £?], x 2 G and Xu G V Hence, 

Lemma 4.5. // is a compact Lie algebra over C, wift centre Z(G), then J — C p © 
End{Z{G))i where p the number of simple components of [G,G]- 
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So, the expression of £ now reads 
£ = [ - < 01 + (©iUAildp.g.)] © iff', with (y/'fteO = p(x 2 ) + <p(x 2 ), Vx 2 G 

where x 01 G A, G C. 

By identifying End{Z{g)), L(Z{Q)*,Z(g)) and L(Z(Q),Z{g)*) to £nd(M fc ), we get 

tf 1 ^, X>) = {End{R k )) 4 © C p . (68) 

5 Some possible applications and open problems 

Given two invariant structures of the same 'nature' (e.g. affine, symplectic, complex, 
Riemannian or pseudo-Riemannian, etc) on T*G, one wonders whether they are equiv- 
alent, i.e. if there exists an automorphism of T*G mapping one to the other. By taking 
the values of those structures at the unit of T*G, the problem translates to finding an 
automorphism of Lie algebra mapping two structures of T>. The work within this paper 
may also be seen as a useful tool for the study of such structures. Here are some exam- 
ples of problems and framework for further extension and applications of this work. For 
more discussions about structures and problems on T*G, one can have a look at [17J, 

pu, mi, nm, 0, h, etc. 

5.1 Invariant Riemannian or pseudo-Riemannian metrics 

As discussed in Section 12721 the Lie group T*G possesses bi- invariant pseudo-Riemannian 
metrics. 

Amongst others, one of the open problems in [Tj5], is the question as to whether, 
given two bi-invariant pseudo-Riemannian metrics Hi and /x 2 on a Lie group G, the two 
pseudo-Riemannian manifolds (G,fi\) and (G, ^2) are homothetic via an automorphism 
of G. If this is the case, we say that /ii and \ii are isomorphic or equivalent. 

When G = T*G, the question as to how many non-isomorphic bi-invariant pseudo- 
Riemannian metrics can exist on T*G is still open, in the general case. For example, 
suppose G itself has a bi-invariant Riemannian or pseudo-Riemannian metric /1 and let 
/i stand again for the corresponding adjoint-invariant metric in the Lie algebra Q of G. 
Then // induces a new adjoint-invariant metric (, ) (U on T> = Lie(T*G), with 

({x, f), (y, g))^ ■= ((x, f), (y, g)) + fi(x, y), V x,y eQ, f,g e G* (69) 

where (, ) is the duality pairing ((x, f), (y, g)) = f(y) + g(x). In some cases, the two 
metrics can even happen to have the same index, but are still not isomorphic via an 
automorphism of G. If ft is a bilinear symmetric form on Q* satisfying fi(ad*f, g) = 0, 
Vx G G, Vf,g G g\ then 

((x, f), (y, g))~, := ((*, /), (y, g)) + Kf, 9), Vz, y G g, f, g G g* (70) 

is also another adjoint-invariant metric on T>. Now in some cases, nonzero such bilinear 
forms jl may not exist, as is the case when one of the coadjoint orbits of G, is an open 
subset of g*, or equivalently, when G has a left invariant exact symplectic structure. 
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More generally, these equivalence questions can also be simply extended to all left 
(resp. right) invariant Riemannian or pseudo-Riemannian structures on cotangent bun- 
dles of Lie groups. 

5.2 Poisson-Lie structures, doubles Lie algebras, applications 

The classification questions of double Lie algebras, Manin pairs, Lagrangian subalge- 
bras, ... arising from Poisson-Lie groups, are still open problems [TO] , [TB"] . etc. In [TO], 
Lagrangian subalgebras of double Lie algebras are used as the main tool for classifying 
the so-called Poisson Homogeneous spaces of Poisson-Lie groups. A type of local action 
of those Lagrangian subalgebras is also used to describe symplectic foliations of Poisson 
Homogeneous spaces of Poisson-Lie groups, in [TU], [Bj, etc. 

It would be interesting to extend the results within this paper to double Lie algebras 
of general Poisson-Lie groups. It is hard to get a common substantial description valid 
for the group of automorphism of the double Lie algebras of all possible Poisson-Lie 
structures in a given Lie group. This is due to the diversity of Poisson-Lie structures 
that can coexist in the same Lie group. 

Amongst other things, the description of the group of automorphisms of the double 
Lie algebra of a Poisson-Lie structure is a big step forward towards solving very inter- 
esting and hard problems such as: 

- The classification of Manin triples [16] . 

- The classification of Poisson homogeneous spaces of a Lie groups. See [6] , [16] . 

- A full description and understanding of the foliations of Poisson homogeneous spaces 
of Poisson Lie groups. The leaves of such foliations trap the trajectories, under a Hamil- 
tonian flow, passing through all its points. Hence, from their knowledge, one gets a great 
deal of information on Hamiltonian systems. 

- Etc. 

5.3 Affine and complex structures on T*G 

In certain cases, T*G possesses left invariant affine connections, that is, left invariant zero 
curvature and torsion free linear connections. Here, the classification problem involves 
Aut(T*G) as follows. The group Aut(T*G) acts on the space of left invariant affine 
connections on T*G, the orbit of each connection being the set of equivalent (isomorphic) 
ones. Recall that amongst other results in [8], the authors proved that when G has an 
invertible solution of the Classical Yang-Baxter Equation (or equivalently a left invariant 
symplectic structure,) then T*G has a left invariant affine connection V and a complex 
structure J such that V J = 0. 
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